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. We analyze an oscillating universe model in brane world scenario. The oscillating universe 

cycles through a series of expansions and contractions and its energy density is dominated by 
Q ■ dust matter at early-time expansion phase and by phantom dark energy at late-time expansion 

-4— > ' phase. We find that the period of the oscillating universe is not sensitive to the tension of 

■ the brane, but sensitive to the equation-of-state parameter w of the phantom dark energy, and 
the ratio of the period to the current Hubble age approximately varies from 3 to 9 when the 

^ ' parameter w changes from —1.4 to —1.1. The fraction of time that the oscillating universe 

■ spends in the coincidence state is also comparable to the period of the oscillating universe. This 
result indicates that the coincidence problem can be significantly ameliorated in the oscillating 
universe without singularity. 
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One of remarkable discoveries over the past few years is that expansion of the universe is 
speeding up, rather than slowing down ^El- To explain the accelerated expansion, a so-called 
dark energy component with large negative pressure is needed in the energy density of the 
universe. A lot of evidence from astronomical observations indicates that our universe is spatial 
flat and consists of approximately 73% dark energy, 27% dust matter including cold dark matter 
and baryon matter, and negligible radiation. Although some proposals explaining dark energy 
have been suggested, it is fair to say that the dark energy problem is still a big challenge to 
theorists and cosmologists, for recent reviews see 21 

A simple candidate of dark energy is a tiny positive cosmological constant. In this case, one 
has to explain why the cosmological constant is so small, rather than its natural expectation, 
namely the Planck energy scale. This is the cosmological constant problem. Another puzzle 
associated with dark energy is why the dark energy density and dust matter energy density are 
comparable just now, or why the universe begins its accelerated expansion just only recently? 
This is called cosmic coincidence problem. To give a solution to the coincidence problem, some 
models like quintessence 0, k-essence OEl) k-chameleon [7j etc., have been put forward. Of 
course, that the energy density of dark energy and that of dust matter are in the same order 
now might just be a coincidence, and does not imply any special meaning. 

Suppose that the dark energy has the equation of state, p = wp, where p and p are the 
pressure and energy density of dark energy, respectively. In order for the universe to accelerated 
expand, the equation-of-state parameter w has to have w < —1/3. Current observation data 
give constraint: —1.46 < w < —0.78 The cosmological constant corresponds to a perfect 
fluid with w = —1. The quintessence model has —1 < w < —1/3, while the k-essence has 
— 1 < w < — 1/3 or w < — 1, but cannot cross w = —1 |91 . It is well-known that if some matter 
has w < —1, it violates all energy conditions. In that case, some strange things will happen. 
The matter with w < — 1 is called phantom matter, and dark energy with < — 1 is dubbed 
phantom dark energy jTOj. Indeed, in the phantom dark energy model, a remarkable feature 
is that the universe will end with a further singularity (big rip), where the scale factor of the 
universe, energy density of phantom matter etc. diverge. This implies that the lifetime of a 
phantom dominated universe is finite. Thus it is possible to ameliorate the coincidence problem 
in a phantom dominated universe if the fraction of the total lifetime of the universe in a state 
for which the dark energy and dark matter densities are roughly comparable is not so small . 
Indeed, lately Scherrer J2| has carried out such a calculation by defining what means by that 
dark energy and dark matter energy densities are roughly comparable. Defining r = p^/pm, 
where pe and pm are energy densities of dark energy and dust matter, respectively, and setting 
a certain value rg of r, if 1/ro < r < rg, it is regarded as that the two energy densities are 
comparable and the universe is in the coincidence state. For tq = 10, Scherrer found that the 
fraction varies from 1/3 to 1/8 as u; changes from —1.5 to —1.1; the fraction is smaller for smaller 
values of tq. Indeed the coincidence problem is significantly ameliorated in the sense that the 
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fraction is not so small. Following Cai and Wang 13 studied the coincidence problem 
in an interacting phantom dark energy model with dark matter, and Avelino discussed 
the coincidence problem in a scalar field dark energy model with a linear effective potential. 
Note that the phantom dominated universe is characterized with a further singularity, while the 
universe with scalar field dark energy model with a linear effective potential will collapse to a 
big crunch. In this note we will investigate the coincidence problem for a cyclic universe model 
in brane world scenario. 

Over the past few years one of most important progresses in gravity theory is the proposal 
that our unverse is a 3-brane embedded in a higher dimensional spacetime, the so-called brane 
world scenario. In this scenario all standard model matters are confined on the brane, while 
gravity can propagate in the whole spacetime. Among brane world models, the RSII model ^5] 
is very attractive and is studied intensively in the literature. In the RSII model, the brane is 
embedded in a five dimensional anti-de Sitter space, due to a warped factor, the four dimensional 
general relativity on the brane is recovered in the low energy limit. And the Friedmann equation 
for a fiat Friedmann-Robertson- Walker universe on the brane gets modified as follows jl6j 



where H = a/a denotes the Hubble parameter, G is the Newtonian constant on the brane, a 
is the tension of the brane and p is the energy density of matter on the brane. Clearly when 
p <^ a, the four dimensional general relativity is recovered. The nucleosynthesis limit gives the 
constraint on the tension a > (IMev)^, while the Newtonian law of gravity at distance r ~ 1mm 
imposes the condition a > (W^Gev)'^ |T7|. Note that the extra dimension is spacelike in the RSII 
model. It is possible that the extra dimension is timelike [El- In such a model, the Friedmann 
equation turns out to be ^S] 



It is remarkable that one can build an oscillating universe model through phantom dark en- 
ergy jlH]. At the early-time expanding phase, the universe is dominated by dust matter. The 
phantom dark energy grows rapidly and dominates the late-time expanding phase. It can be 
seen from (jj} that the universe start expansion at pcr = 2(T, where dust matter dominates the 
energy density of the universe and stop its expansion at the critical density pcr = 2(T, where 
phantom dark energy dominates the energy density of the universe, and then start contraction 
until the energy density reaches to its critical value again. After this the universe will expand 
to the critical value again. In this way, the universe finishes a cycle. Clearly this cosmology is 
singularity-free. The goal of this note is to discuss the cosmological model and the cosmic coinci- 
dence problem for this oscillating universe. Concretely we will calculate the fraction of a period 
of the universe when the universe is in the coincidence state by generalizing the discussions in 
[121 IT3l El to the cyclic universe model. 
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Consider a cosmological model, in which all energy components consist of dust matter (in- 
cluding cold dark matter and baryon matter) with w = and phantom dark energy with a 
constant equation-of-state parameter u; < 0. In this note we will not consider possible in- 
teraction between dust matter and dark energy. In this case, dust matter has the vanishing 
equation-of-state parameter, w = 0, its energy density satisfies 

Pm = Pmoal/o?, (3) 

where a is the scale factor of the universe, pmo is a constant and oq is the present value of the 
scale factor. For a flat universe, one can set ao = 1, then can be explained as the current 
energy density of dust matter. So from now on we set ag = 1. According to the continuity 
equation, 

p + 2,H{p + p) = ^, (4) 
the energy density of phantom dark energy has the form 

Pe = PeOa~'''^^^^\ (5) 

where peo is the current dark energy density. Substituting © and © into @, one has 

= Hi + f!«a-'<'-')) ^-'7°" + ^"°"'';'°''^^' , (6) 

V / 1 - (/OmO + /0e0)/2o- 

where Hq is the current Hubble parameter, and J7e0 are current fraction energy densities 
of dust matter and dark energy, respectively. Integrating © yields 

t = H^' I da aV2(i _ J7eo(l - a-'nr'^\l - P!IiO^:!±go^:!^)-i/2^ (7) 

where we have considered that current energy density of the universe is much less than the brane 
tension, that is, pmO + PeO ^ C) and + ^^eo ~ 1- Note that the total energy density of the 
universe is given by 

p = p^oa-^ + Peoa-^(^+^\ (8) 

Clearly the energy density is dominated by the dust matter at the early-time expansion phase, 
and by the phantom dark energy at late-time expansion because w < —1. Therefore the two 
turning points, satisfying p = 2a, approximately are 

V 2cr / \PeoJ 

When the oscillating universe reaches the maximal scale factor Cmax from the minimal one amin, 
it takes 



T = H, 



o"^ / da ay\n^o + Oeoa-3-)-V2(i _ P^^a + Peoa ^_,/,^ ^^^^ 
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Denote the current energy density of the universe by po = pmo + PeO, one has po/cr <^ 1, where 
po is the current critical density given by po = 8ttGHq/3. Further defining s = po/2a, we can 
rewrite © and (fTU]) as 

(^min ~ ('5^^mo) ^ j ^max ^ (sf^eo) ^ (H) 

and 

da a^/\n„,^ + J^eoa"'")"'/'(l - s(f^moa"' + J^eoa"'^'+"'^))~'/', (12) 

-inin 

respectively. According to current observation data, Hq = 72km • s~^Mpc~^, which gives the 
critical energy density po = 0.42 x 10~^^Gev^ and current Hubble age of the universe Hq^ = 
13.58Gyr. Note that the ACDM model tells us that the age of the universe is about 13.7Gyr. 
In addition, we will take ^ImO = 0.27 and ileo = 0.73 in what follows [SOI- In Fig- 1 we plot 
the ratio of the period of the oscillating universe to the current Hubble age Hq^ for the case of 
a = (W^Gev)^ . The ratio approximately varies from 3 to 9 as t(j changes from —1.4 to —1.1. In 
particular, we find that the ratio is not sensitive to the tension a of the brane. For example, if 
a = (IMeu)^, the ratio for this case is almost indistinguishable to the case of o" = (lO^Gef)^. 
The insensitivity can be understood as follows. 
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Figure 1: The ratio T/Hq^ of the period T of the oscillating universe to the current Hubble age 
H^^ when a = (lO^Gev)^. 

The integrand in H12|) diverges at Omm and amax, and it decreases very quickly from infinity 
at amin to an almost vanishing value at some place. It remains almost unchanged until a reaches 
a value near ao = 1, where it starts increasing to a finite value when a gets around ao = 1, and 
then decreases again until a arrives at a point near amax, from which the integrand increases 
again very quickly to infinity at amax- We plot a sketch of the integrand in Fig. 2. We can 
separate the integration in (|12j) into three parts, 

T = Ti + T2 + T3, (13) 
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Figure 2: A sketch of the integrand in the integration p2|) 



where 



-3{l+u>)^-j-l/2 



ai 



da 



,1/2 



mO 



'3 - ) 



(14) 
(15) 



ai 



and 



-1 



-1 



da a^/^QmO + Oeoa-'")"'/'(l - s(f^moa"' + l^eoa-3(^+"')))-^/' 

q(1+3«;)/2 

da 



- s^^eoa-3{i+«') 



-1 



2a3(l+«;)/2 



3(1 + it;)vn; 



V 



eO 



3(l+«;)/2) 

-0.78°2 



1 + t(; 



1 



-3(l+«;) 
^^2 

-3(l+w) 
O'max 



(16) 



respectively. During Ti, the scale factor expands from Omm to ai, and the dust matter is 
dominant in the energy density of the universe, where the phantom dark energy can be neglected. 
On the other hand, during T-^ the scale factor varies from 02 to amax, and the phantom dark 
energy is dominant. During T2, both terms, dust matter and dark energy, make contributions. 
We note that the contributions to T of both terms, Ti and T3, are very small, compared to 
that of T2. Take an example: if o" = (W^Gev)^ and w = —1.4, one has s = 2.1 * 10~^^, 
amin = 1-78 * 10-20, and a^ax = 0.81 * lO^^-^. Even we take oi = lO'^ and aa = lO'', (HH) 
and (fT6|l then give us TiHq = 0.128 and T^Hq = 0.0078, respectively. Take another extremal 
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example: if o" = (IMev)'^ and w = —1.4, one then has s = 2.1 * 10^^^, amin = 1-78 * 10^-*^^ 
and ttmax = 0.7 * 10^^-^. If taking ai = 10"^ and 02 = 10^, one stih has TiHq = 0.128 and 
T^Hq = 0.0078 since ai ^> amin and 02 ^ «max. Furthermore, it can be seen from ((Tl)) and l(TB|) 
that a smaUer ai leads to a smaller TiHq and a larger 02 gives a smaller T^Hq. Fig. 1 shows 
that these small contributions TiHq and T^Hq are indeed negligible. 

Further, if one defines the ratio of the dark energy density to that of dust matter as 

r=^ = ^a-3-, (17) 

the integration ^ can be rewritten as 

1 /■ , / f^eo \ . s 1/2/^ ^ . . /r-J7„o\'^"'\"'^' . ^ 

' = (l + r)-/^ l-»fi„.„(l + r) ^) .(18) 



and the period T in ((111)) can be expressed as 

(19) 

where ^ ^ 

Following ^2j, we define a scale rg. If r falls in the range 1/ro < r < rg, it is regarded that the 
universe is in the coincidence state. The duration tjj of the universe in the coincidence state is 
then 



{l+2w)/2w ( _^^l/«,\-V2 

tv = / dr\i^\ (1 + r)-V2 1 _ ,f^^„(i + r) 



3w Ho^l^eO Jl/ro \r^moJ \ \ ^eO 

(21) 

Denote by g the ratio of the duration tjj of the universe in the coincidence state to the period 
T of the oscillating universe, namely, 

/ ^ \(l+2w)/2w , f / ^ 

/lAo'^Kfe (l + r)-V2 1 -.0.0(1 + r) tfr 

g = J± = L . (22) 

T , ^ \{l+2w)/2w f / ^ \ 

(l + r)-V2^l-.J^^o(l + r)(tf) ) 

We plot in Fig. 3 the ratio g for the case with brane tension a = (lO^Gef)'^. Once again, the 
ratio is not sensitive to the tension of the brane. The result shown in Fig. 3 is almost the same 
as that showed in Fig. 1 of paper where the results hold for the case of usual Friedman 
equation in general relativity. In other words, the latter is for the case cr ^ oo in or ((2)). 
But note that the two cases are quite different for the evolution of the universe: in the current 
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brane world scenario, the universe is an oscillating one without singularity, while for a phantom 
dominated universe in general relativity the universe begins with a big bang and ends with a 
big rip. This insensitivity can be seen from ()22() that in the numerator because s is a very tiny 
quantity so that the factor (1 — s^lmoi^ + r){r^}rnO /^eo)^^^ is negligible during the integration 
range l/rg < r < rg. In the denominator, although the integrand diverges at r^m and Vmax, as 
we analyzed above, the contributions from these two points are small and negligible as well. 



g 




H ^ ^ ^ ^ r 

4 6 8 10 - 

Figure 3: The ratio g of the case a = (lO^Gev)'^. Three curves from top to bottom correspond 
to the cases w = —1.4, —1.2 and —1.1, respectively. 

Note that for a given w and tq, the fraction of time g that the oscillating universe spends 
in the so-called coincidence state is not small as expected. We can see from Fig. 3 that for a 
larger scale ro, one has a larger g; For a fixed scale rg, a larger w gives a smaller g. This can be 
understood as follows. From Fig. 1 we note that for a larger w, one has a larger period T of the 
oscillating universe so that the ratio g gets smaller. Fig. 3 shows that it is not so strange that 
we just live in a period when the dust matter and dark energy densities are roughly comparable. 
In this way the coincidence problem can be significantly ameliorated in this oscillating universe 
model without singularity. 

In summary we have analyzed an oscillating universe model without singularity in brane 
world scenario. The early-time expansion phase is dominated by dust matter and the late-time 
expansion phase is dominated by phantom dark energy. We have found that the period of the 
oscillating universe is not so sensitive to the tension of brane, but is sensitive to the equation- 
of-state parameter w of phantom dark energy. The ratio of the period to the current Hubble 
age of the universe approximately varies from 3 to 9 as w changes from —1.4 to —1.1. Further 
we calculated the fraction of time g that the oscillating universe spends in the coincidence state. 
The result shows that it is also not sensitive to the tension of the brane, but that the fraction 
of time of the universe in the coincidence state is comparable to the period of the oscillating 
universe. 
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